Abstract. Weak semisimplicity of the bialgebra of ternary quartic forms is proved.
Bialgebra (W, [,] ) is commutative if [a, b] = [b, a] , [p, q] = [q,p] for any a, 6 € W, p, g G T^*.
(1.2) Notation. Reciprocal of x. For x G W U W*, we denote x = [x,x] /2, the element x is the reciprocal of x.
Sometimes, we (together with G. Salmon [25] , No. 292) will use notation a(x) (instead of x) for elements # of a bialgebra defined (according to (3.2) and (8.1)) on the space S 4 {K d ).
We have two (quadratic) polynomial maps ~ : W -> W*,~ : W* -tW, and their composites ^ : W -> W, ~ : W* -> P^*, also corresponding projectivizations (which are rational maps), for example, the map PO : V (W) > F (W) .
(1.3) Definition. Subalgebra and ideal If (W,[ , ] ) is a bialgebra, then its subalgebra is a pair ([/, V) of vector subspaces U C W, V C W* such that (i) the induced pairing U xV -* K is nondegenerate (therefore dimU = dim V, this number is said to be the subalgebra dimension, moreover, one can identify V with [/*), ( 
ii) [U,U]CV, \y,v]cu.
Ideal in (W, [ , ] ) is a subalgebra ( and this point is a fixed point of the map.
Algebraically, a G W is an idempotent if and only if (ifa,lf[a,a] ) is a onedimensional (projectively zero-dimensional) subalgebra of (W,[ , ] ), therefore, there exists a correspondence between projective idempotents and one-dimensional subalgebras.
With the point of view of the generalization given by Definition (1.6) below, ordinary idempotent is an idempotent of level zero. Weak idempotent is an idempotent of level 1, projectively onedimensional subalgebras will be called idempotent pencils. Thus, idempotent pencil defines a line in P(T / 7), the line is invariant with respect to the map P(~) (also, a line in P(iy*) with a similar property, both the lines are reciprocal images by PQ).
(1.7) Definition. Semisimplicity of level m. An n-dimensional commutative bialgebra (W, [,] ) is called m-semisimple (or semisimple of level m), if there are n subalgebras (C/i, Vi),..., (U n , V n ) of (W, [,] ) and two subsets {ei,...,e n }cPF, {/i,...,/n}cW* satisfying the following conditions: (i) dimE/t<ra+l, dimVi < m + 1 ( i G {1,2, ...,n}), (ii) ei G Ui, fi G Vi (therefore ei, /« are idempotents of level m), (iii) elements'ei, ...,e n constitute a base for VF*, and this base is dual of the base {ei}, (Iv) elements /i,..., / n constitute a base of W 7 , and it is dual of the base {fi}. Also, 1-semisimple bialgebra will be called weakly semisimple. O-semisimple bialgebra is called semisimple, more precisely, a commutative bialgebra (W, [,] ) is said to be semisimple, if there exists a base {ei, ...,e n } (n = dimPF) for W such that ei are idempotents, elements ei, ...,e n constitute a base for W* and these bases are mutually dual. For example, the bialgebra of binary quartics defined in (4.2) is semisimple. We will publish a proof of this result in other place.
It is known (see Theorem (7.11) ) that the bialgebra of ternary quadratic forms (with respect to the natural bimultiplication described in no.6 below) is semisimple. Actually, it was established by Francesco Gerbaldi in 1882 (see [11] , [12] , [13] , [14] , also comments in [9] , [16] , [19] , [34] ), he has constructed the so called six mutually apolar conies. The conies were used for a description of Valentiner's subgroup [28] Gseo of Aut(P 2 ) : as an abstract group, G360 is isomorphic to the alternating group AQ of even permutations of six symbols, Gerbaldi demonstrated that one can take the conies as the symbols, that is Valentiner's group interchanges the conies, see [34] for some modern comments. Moreover, the conies were used for a construction of a point-line configuration studied by Gerbaldi (loc. cit) . The set of intersection points of distinct Gerbaldi's conies consists of 60 points. From pure geometric consideration, without use of Gerbaldi's conies, the configuration was constructed by W. Burnside [3] , whose attention was concentrated on 45 points of the dual plane (see also E. Steinitz' and A. Wiman's surveys [27] , [33] and modern paper [34] by S. Grass). We will call it as the Gerbaldi-Burnside configuration.
For the bialgebra of ternary forms of the next even degree, that is for the bialgebra of ternary quartics described in (8.1) , the question about O-semisimplicity is open, but we will prove a weak assertion.
(1.9) Theorem. The bialgebra of ternary quartics is weakly semisimple. In the proof of the theorem, we shall construct fifteen quartic idempotent pencils (Ui,Vi) (i = 1,2,..., 15) , where Ui is the cogredient part, defining a pencil of curves in P (W) , Vi is the contragredient part, defining a pencil of curves in P(W*). Each of the parts is projectively equivalent to the so-called Wiman quartic pencil. Such a pencil was considered by A. Wiman [31] , [32] , and also by E. Ciani, W. L. Edge [6] , 1. Dolgachev and V. Kanev [5] , R. E. Rodriguez and V. Gonzalez-Aguilera [23] . Each of the fifteen pencils Ui contains two Klein's quartics, one Fermat's quartic, a Capolari quartic, a Clebsch quartic and a Bernoulli lemniscate. Each pair ([/*, VJ) is projectively isomorphic to Wiman quartic subalgebra from our Definition (10.11) with 2m = 4 and from (11.9-12) . In the quartic bialgebra, another weakened property of semisimplicity holds.
(1.11) Theorem. In the bialgebra of ternary quartics, one can find fifteen sixdimensional and SEMISIMPLE subalgebras with the properties indicated in definition (1.7) (where m = 6 is taken of course).
An example of the quartic subalgebra of Theorem (1.11) was considered by G.
Salmon in his "Treatise on higher plane curves" [25] , no. 298, therefore we will call such a subalgebra as Salmon's subalgebra.
Our proofs and constructions are inscribed in a framework of some general considerations from the bialgebras theory and the theory of co(contra)variants of ternary forms. Also we give some illustrative examples connected with the invariant theory of binary forms or with ternary forms of arbitrary degree, but in this text, the cases of binary forms or ternary forms of the degree distinct from 2 and 4 are used for an illustration of the notion of bimultiplication only, that is we do not consider a structure or semisimplicity of corresponding bialgebras, although, in (13.7), we give an example of a four-dimensional semisimple subalgebra of the bialgebra of ternary sextics, this bialgebra contains a set of remarkable sextics (for example, a couple of idempotent Wiman's sextics C, C with the property Aut(C) = Aut(P 2 , C) = G^QQ, Wiman's sextic W with Aut(W) = Bir(F 2 , W) -G120? and a couple of rational ten-nodal sextics). A short description of bialgebras arising from semisimple Lie algebras was added by the revision of the text in (5.10).
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I [,] is symmetric (resp. skew) if both the trilinear functions 0(a,6,c) =< [a,6] 
are symmetric (resp. alternative ). Sometimes we will write < a.b.c > instead of 0(a,6, c). We will be concerned with symmetric or skew-symmetric bimultiplications only. In both these cases, the pair ((/>, ip) of these trilinear functions is called bipotential for the bimultiplication, components of the bipotential are potentials.Of course, the pair of these functions is the same as a pair of tensors (£,£*)> where t G (PF*)® 3 , t* G (W)® 3 . Both of the tensors are symmetric (resp. skew-symmetric) for symmetric (resp. skew) bialgebra. For the case of symmetric bialgebra, the homogeneous functions 2(a) = </>(a,a,a), i*(p) = il) (p,p,p) are called potentials also, because the latter pair of functions determines bipotential for symmetric bialgebra.
It is evident that symmetric bialgebra is commutative: [q,p] . We will consider only those bialgebra properties which do not depend on the change of a bimultiplication for proportional bimultiplication, and sometimes we will change the bipotential (</>,?/>) for (&</>, /?/>), where fc, Z are nonzero constants.
(2.2) Remark. The notions of idempotent, semisimplicity or m-semisimplicity (definitions(1.4), (1.7), (1.8)) do not have a sense for skew bialgebras, but skew bialgebras will be used for constructions of symmetric bialgebras in (3.2-3) , (4, (2) (3) (4) .
Note that for symmetric or skew-symmetric bialgebra, the bipotential determines the bimultiplication: element p -[a, b] G W* is defined by the condition < p, x >= (f) (a, b, x) for all x £ W, similarly, element a -[p, q) £ W is defined by the condition < a,y >= ip (p,q,y) for all y £ W*.
Our use of word "potential" can be explained by gradient-like character of formulas for bimultiplications or reciprocals, see (4,4) , 6, (8,1) .
(2.3) Definition. Special bialgebra. A symmetric or skew-symmetric bialgebra (W, [,] ) is said to be special, if there is a pair of projectively dual bases such that the linear isomorphism W -> W*, defined with the help of the bases induces a coincidence (up to proportionality) of the bipotential components, that is functions
(2.4) Definition. Projectively equivariant bimultiplication.
(1) Remark. Assume that a group G acts linearly on W. We say that a bialgebra structure on W is projectively G-equivariant (or P(G f )-equivariant), if for some multiplicative character x of G, for any g £ G and for any a,
(2) If a bimultiplication on W is projectively GL(W)-equivariant, then we say that it is projectively equivariant or PGL(VF)-equivariant.
In the case of a symmetric projectively equivariant bimultiplication, the potential components (f) and if) are simultaneous invariants of the argument triple: (t>(a,b,c) , f ip(g{p) 1 g{q),g{r)) =X2 (9)<l>(p,q,r) for some characters Xi,X2-(2.5) Notation. For special symmetric bimultiplication and x £ W U W*, we will denote I(x) -< x, [x,x] > /3. In this case, we will call this cubic homogeneous function as potential also.
Note that for projectively equivariant bimultiplication, the function I(x) is an invariant. The reciprocal x of a; is a contravariant of x.
(2.6) Remark. For any pair of elements a £ W, b £ W of a symmetric bialgebra (W, [,] ), and for any constants x £ K, y £ K, the following identity
holds.
3. Extension of bimultiplication to symmetric powers. (3.1) Notation. We will denote by <,> the extension of the duality pairing <, > to the symmetric powers S n (W) , more precisely, <.,. >:S n (W) xS n (W*) -*K is such that < a n ,p n >=< a,p> n , and therefore < a n ,PiP2...Pn >=< a,Pi >< a,P2 > ... < a,Pn > • (3.2) Theorem. Let (W, [ , ] ) be a bialgebra with either skew-symmetric or symmetric PGL(VF)-equivariant bimultiplication. Then for any natural m, there exists a unique PGL(l^)-equivariant bimultiplication on S m (W) If the initial bimultiplication is symmetric (resp. special), then new bimultiplications are also symmetric (resp. special).
If the initial bimultiplication is skew, then the bimultiplication on S m (W) is skew by odd m and symmetric by even m.
Proof. We write only a sketch of a proof. A complete proof of a general theorem including an analog of theorem (3.3) for the case of m-algebras will be published in another place.
An informal explanation (with the point of view of invariantists of XlX-th century) is based on the symbolic method: if 0(o, 6, c) is a potential for the bimultiplication in (W, [,] ), and elements f,g,h € S m (W) are written symbolically as [.,.] :
Suppose that this bimultiplication is either skew-symmetric or symmetric. 
If the initial bimultiplication is symmetric (resp. special), then new bimultiplications are also symmetric (resp. special).
If the initial bimultiplication is skew, then the bimultiplication on S rnk (W) is skew by odd m and symmetric by even m.
The proof is almost the same as for Theorem (3.2), therefore we omit it. Moreover, the theorem (3.3) will be used for consideration of an inessential example of binary forms.
(3.4) Remark. Existence of an extension of a given bimultiplication to other tensors is a problem. For example, if dim W = 3 and we try to extend (by a PGL(VF)-equivariant way ) to W® W the symmetric bimultiplication on S 2 (W) (such a bimultiplication exists in virtue of Theorem (3.2) and the basic example below), then we will get nothing, because a non-zero cubic invariant of bilinear forms is absent (according toM. Pash [22] ). but we will distinguish both the spaces. There are natural (and mutually contragredient) actions of GL(V) on both the spaces. First, let us consider the three-dimensional space V2 of binary quadratic forms. There is a natural special PGL(V)-equivariant skew bimultiplication it is the Jacobian (where the above mentioned change of variables (4.1) is done):
The potential is the following simultaneous invariant of three quadratic forms
0(a, 6,c) Note that this bialgebra is projectively isomorphic to the three-dimensional bialgebra of theorem (5.1) below, because the potentials are the same. According to theorem (3.3), we get a structure of a skew bialgebra on Vom, where m is odd, and a structure of a symmetric bialgebra on Vim • One can present a description of the bimultiplication for T^m in terms of the so called symbolic method: The symmetric bialgebra of binary quartics is semisimple. The set of nonzero nilpotent elements coincides with the set of not semi-stable elements {Null-formen) in the sense of Hilbert-Mumford. A description of these facts will be published in other place. For a description of a symmetric special bimultiplication on Vg, it is enough to indicate o, because formulas for [o, b] are derivable by the process of bilinearization. If o is a binary octavic, then there exists an octavic covariant i = (0,0)4 (according to notations of von Gall in [10] ; von Gall refers to P. Gordan's lectures [15] of 1875 ). uo) , the coefficients ojb of 0 are written down below. (5.1) Theorem. There exists a (projectively) unique skew-symmetric special three-dimensional bialgebra (W, [, ] ) with nonzero and PGL(VF)-equivariant bimultiplication.
Proof. For three-dimensional vector space, there exists a unique (up to proportionality) trilinear alternating function.
(5.2) Remark. In some sense, this bimultiplication is the same as in the above case of binary quadratic forms, but we will distinguish the cases.
Let us fix a threedimensional bialgebra (W, [,] ) mentioned in Theorem (5.1) with a trilinear potential < a.b.c > .
Identities (5, (3) (4) (5) (6) (7) (8) for this threedimensional bialgebra and its symmetric powers are written below, one can verify them with the help of the coordinate description (5.9) . Moreover, when we will write down identities for linear forms o,fo... G W, then we will omit the parallel identities for vectors p, q,.. E W*, if the written identities contain linear forms only. 4) [ [o, 6] , [c, d\} + [[a, c] , (W) , we have
Also we will use the following simple formula which is a corollary of (5.4). 
define a structure of a special skew bialgebra (W, [,] ). If G is an algebraic group such that its Lie algebra is W, and Ad : G -> Aut(W) is the adjoint representation, then the bimultiplication [,] is P(Ad)-equivariant.
The alternating property of the potentials
is a consequence of anticommutativity of Lie's operation { , } and of the Jacobi identity, but the Jacobi identity is not a consequence of this property, therefore, generally speaking , the notion of bialgebra is wider and more flexible than the notion of Lie algebra. For example, in the contrast with the structure of Lie algebra, one can extend the bialgebra structure to the spaces of symmetric tensors of the initial space.
According to Theorem (3.2), we can extend the bimultiplication to every symmetric power S rn (W) (2), then we get our basic example.
(5.11) Convention. Further, W will denote the threedimensional space, (W, [,] ) will denote the above described threedimensional bialgebra ( the exceptions are Remark (6.6) and general Definition (7.5)) Also, we will use coordinates from (5.9) in further parts of the text. 
Bialgebra of conies. For quadratic forms A,B,C G S 2 (W),
Qll -^00^22 + ^22^00 -2ao2^02:
Especially, coefficients aki of the dual quadratic form
are the following.
(6.1)
a, 02 5
The geometric meaning of the bimultiplication for conies is explained in Salmon's "Conic Sections" [24] , No. 335, or in Baker's "Plane Geometry" [1] , p. 175.
The meaning of [F, Q] for two conies of the contragredient variables. "A variable line which meets the conies in harmonically conjugate pairs of points, envelops another conic. This is called the harmonic envelope of the two conies."
The meaning of [P,Q] for two conies from contragredient variables. "A variable point, from which the pairs of tangents to two given conies are harmonically conjugate to one another, describes another conic. This conic is called the harmonic locus of two conies. "
Of course, A is the envelope of A (that is the set of tangents to A). 
(6.3) Example. If a conic A is written as a sum of four squares, then its discriminant also has a natural representation as a sum of four squares,
the reciprocal conic of A has a natural representation as a sum of six squares,
but there are possibilities (four in general) for writing A as a sum of four squares (for the case of linear independence of every three from the four linear forms). One of them is
Three other representations can be derived by cyclic permutations of the linear forms a,b,c,d.
(6.4) Theorem. Any power of a proper quadratic form is an idempotent, more precisely, in the bialgebra S 2n (W) , the following identities hold.
where c(n) is a nonzero constant depending on n (the constant is expressible in terms of binomial coefRcients, but we will not need an exact description). For example
In further parts of the text we will need obvious cases n = 1, n -2 only, therefore proof is omitted. 
Proof. Because of the linearity with respect to every form, we may suppose that the forms are pure squares, and in the latter case, one can use (5.5).
(6.6) Remark. The Clebsch difference, the Clebsch covariant, the catalecticant. The identity of Theorem (6.5) for conies lead us to a consideration of the difference [6, d}} + [[a, d] , [6, c] ]
for four elements a,b,c,d of arbitrary symmetric algebra W. One can call it the Clebsch difference. The Clebsch difference is the polarization of a function 5 :
In the algebra of ternary quadratic forms, this difference is identically zero, but if a is a ternary quartic, then its Clebsch covariant coincides with the ordinary Clebsch covariant 5 (considered in [5] ).
One can introduce a notion of catalecticant J(a) of an element a of a symmetric bialgebra:
Also, the catalecticant is expressible with the help of the cubic invariant I (from Notation (2.5)) and the reciprocity operation (1.2) in the bialgebra:
For example, identity (5.6) together with Example (8.6) have as a corollary Clebsch-Liiroth's well-known formula for the catalecticant of a sum of four fourth powers of ternary linear forms.
List of identities for ternary quadratic forms. The identities below are either easy for verifying or follow from the identity of Theorem (6.5) .
For quadratic forms A, B, C, we have (5),
16) [A,B] + [A^B]=<A,B>A+<B,A>B. (6.17) [A,8] = -disc(A)disc(B)[A,B]
7. Apolarity.
(7.1) Definition. Self-polar triangle. Let a, 6, c be three linearly independent ternary linear forms (a base of the cogredient part W of the basic threedimensional bialgebra (W, [.] ), p - [6, c] , q = [a, c], r = [a, 6] . For a proper conic A, these three linear forms a, 6, c constitute a self-polar triangle, if one of the following equivalent conditions is fulfilled. (i) <pg,A>=0, <pr,A>=:0, <gT,A>=0, (ii) <a&,A>=0, <6c,A>=0, <ac,A>=0.
(7.2) Remark. Geometrically speaking (according to Salmon's "Conic Sections" [24] ): Three points are said to form a self-polar triangle, if polar of each point (with respect to the conic) is the line joining the other two.
Further, if two conies have four distinct points of intersection, then they have a unique common self-polar triangle (see Baker's "Plane Geometry" [1] ). Algebraic treatment of this fact is connected with the following construction of a cubic covariant. Proof. (1) is a consequence of idempotency of proper conies. (2) follows from identities (6.8), (6.10) , (6.16) . (3) 
Proof. Also, it was proved by P.Gordan in [16] , IV, §5, §6, page 476.
(7.11) Theorem of Gerbaldi. There exists a set of six mutually apolar linearly independent nondegenerate ternary quadratic forms.
Thus, the bialgebra S 2 (W) (where dim W = 3) is semisimple (note that all proper quadratic forms are idempotents according to (6.4) with n = 1).
Proof. The principal part of the proof consists of a list of six conies. We will write down two lists, because both of them will be used in further parts of the text.
The first list is composed by Francesco Gerbaldi [11] [12] [13] [14] , the second list is composed by Paul Gordan [16] . Verifying of mutual apolarity is an easy calculation for both the lists.
First of all, we fix a list of constants, which will be used here and further. Let One of possible (but insufficient) explanations of arising the field Q(\/-15) in the theory of conies and quartics is that there are four representations of 4! with the help of the factorial polynomial x(x + l)(x + 2)(x + 3) and two of the representations generate the field, more precisely, the equation
has the following four roots
GORDAN'S LIST Consider six Gordan's ternary quadratic forms from [16] .
These six form are linearly independent, moreover, expressions of the basic quadratic monomials in terms of the six forms presented below. 
The coefficients of the reciprocal forms are conjugate (and of course, the contragredient variables are inserted instead of cogredient ones).
Of course, the forms Li constitute a base for contragredient quadratic forms, expressions of quadratic monomials in terms of the elements of the basis are written below. All the discriminants of Ki and Li are equal to 1. It is not hard to check the relations of mutual apolarity.
GERBALDFS LIST
Consider the following six ternary quadratic forms /1,..., /e from [12] /1 = xl + 2CXIX2, o Now, it is not hard to check the relations of mutual apolarity.
(7.12) Theorem. Any set of six mutually apolar ternary quadratic forms with the discriminant 1 is projectively equivalent to Gordan's six or its conjugate six by an automorphism of the field Q(r) .
Proof. It is proved at page 478 of Gordan's paper [16 ] . Proof. The last identity, which is an obvious corollary of
is indicated by Gordan, see [16] , page 493, where the equality (KmKmKn) 2 = 0 (m ^ n) is written, this equality is equivalent to < Km • i^m • K n >= 0 (for m ^ n).
One could check the first identity, if we would have a list of all possible participating products. We present such a list for Gerbaldi's conies. Proof. It will be an immediate verifying after some preliminary work over Gerbaldi's conies. First, we indicate list of equalities for these quadratic forms. 3 4 = -UJC More complete information about these numbers (multiplied by 2c"" 4 ) is presented by the 15 x 15 matrix from the proof of Theorem (7.14) below. Now, verifying of the first two identities (and their concordance with four other ones) of the theorem is easy. Proof. We will consider Gerbaldi's conies /1, ...,/6.
< f1.f2.f3 >=< h-h-fe >=< fi-fa-h >=< h-h-h >=< h-h-h > =< h-h-h >=< h-h-h >=< h-h-h >=< h-h-h >=< h-h-h > < h-h-h >=< h-h-h >=< h-h-h >=< h-h-h >=< h-h-h > =< h-h-h >=< h-h-h >=< h-h-h >=< h-h-h >=< h-h-h > 3 2 < h-h-fi >=< h-h-h >=< h-h-h >=< h-h-h >=< h-h-h > =< h-h-h >=< h-h-fe >=< h-h-fe >=< h-h-h >=< h-h-fe >

< h-h-h >=< fi-h-fe >=< h-h-h >=< h-h-h >=< h-h-h > =< h-h-fs >=< h-h-h >=< h-h-h >=< h-h-h >=< h-h-h >
Proof of (i). According to the formulas expressing quadratic monomials in the terms of /i, every quartic monomial is expressible in terms of / 2 , fkfi-Therefore, it is enough to express the squares ff in terms of products of distinct forms. The necessary formulas are the following. Thus, (ii) is proved. Proof of (hi). It is an evident consequence of (ii).
(7.15) Theorem. Let A,A r be two conies belonging to a set of six mutually apolar conies, k,l,m,n be four bitangents for the pair A,A'. Then every of the eight points of contact belongs to some other (distinct from A and A') conic of the set.
Proof. We will consider Gordan's conies Ki from proof of Theorem (7.11) . Because of double transitivity of the induced action of Valentiner's group on the set of conies, we may suppose that A -Ki, A' = K2. It is not hard to see, that up to a permutation of the bitangents (and up to proportionality), 
More precisely, if F, G, H are three quartics, then the potential is < F.G.H > (=< [F,G\,H >=< [G,H],F>=< [H,F},G>), the corresponding invariant is
I(F) = ±<F.F.F>=±<a(F),F>.
Expression of the cubic invariant in terms of the coefficients of F is given in No. 293 of [25] , the invariant is as follows. 
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Note that I(F + G + H) =< F.G.H > +I(F) + 1(G) + I(H)+ < a{F),G > + < F,a(G) > + < a{F),H > + < F,a{H) > + < a{G),H > + < G,a{H) > . I(F + G) = I(F)+ < a(F),G > + < F, a(G) > +I(G).
(8.2) Example. If F = abed is a product of four ternary linear forms, then
The last expression is the so called symbolic form of the cubic invariant /.
Moreover, a(abcd) is a product of two quadratic forms. One can see it with the help of coordinates.
where CJ is a primitive cubic root of unity. The calculation has the following geometrical meaning. Four lines o, 6, c, d define a pencil of contragredient conies touching these four lines. This pencil has three degenerate conies. Two conies (of the pencil) equianharmonically disposed in the pencil with respect to the three degenerate conies are components of the cr-image of the four lines. These two conies are mutually apolar (according to formulas from (7.8) 
The last identity is a consequence of (5.6).
(8.7) Example. For the Bernoulli lemniscate, the contravariant a is a double conic .
First, about a projectively reasonable definition of the lemniscate. This is a plane quartic rational curve with three distinct nodal points, where all the six nodal tangents are inflexional (that is they intersect the curve only in nodes). One can give an equivalent description of the curve with the help of parameterization. For the normalization TT : F 1 ->• C of C, the set of three pairs of points having singular yr-images is invariant with respect to the tetrahedral fractional linear group of symmetries, the action admits an extension to the action on the projective plane. Up to a projective equivalence, such a curve is unique. Name of the curve is lemniscate (see Kohn and Loria [20] It is not hard to see that cr(3(xi + xj) 2 -6xl(xl -xl) 
The contravariant a is a double conic,
The bialgebra calculus of decomposable quartics. Here, "decomposable" means a product of two quadratic ternary forms.
First, the identities describing pairings of some decomposable quartics. [a,b] 2m + qo ([c,a}[a,b}r + q 1 ([a,b}[b,c}r + q2([b,c}[c,a) is said to be Salmon subalgebra of {S 2m (W) , [,] ). For the case 2m = 4, we will call it as Salmon quartic subalgebra.
<PQ,AB>=~<[P,Q],[A,B]> -(< P, A >< Q,B > + < P,B >< Q,A>), (9.4) <CD,AB>=~<[C,D],[A,B]> + -< C, A >■ < D, B > +-< C, B >< D, A >,
For a coordinate description of the subalgebra (with normalized coefficients of forms), we introduce the following numbers. At No. 298 of "Treatise" [25] , considering the case m = 2 (that is the case of plane quartics), G. Salmon observed that if F is (10.5) , then the contravariant a(F) is of the same form (more precisely, of (10.6) ), that is a(F) belongs to V^m-Also, he wrote down a dependence of coefficients pi,qi of cr(F) from coefficients ai,bi of F explicitly. For arbitrary m, such a dependence is indicated below. These formulas generalize formulas (6.1) for conies and Salmon's mentioned formulas for quartics. (W) , [,] ).
Proof. Also, it is a consequence of (5.7), (5.8) .
(10.11) Definition. Wiman subalgebra. The pair
is said to be Wiman subalgebra of (S 2m (W) , [,] ) or Wiman's idempotent pencil.
(10.12) Notation. W 2m -Wamfro,*!,^) = {U^V^).
(10.12) Theorem. Any Fermat's curve of even degree (that is form F = a n + b n 4-c n , where n = 2m is even, a, 6, c are three linearly independent linear forms) is an idempotent in S n (W) .
Proof. Indeed, according to (5.7), (5.8), we see that
Proof. Because of (5.7), F is proportional to
therefore, using (5.7) and (5.8), we see that F is proportional to F. Proof It is an easy consequence of formulas (10.7).
(10.18) Example. In the quartic pencil C/4, idempotents are: a double conic, Fermat's quartic, and the quartics
Two last quartics are projectively equivalent to Klein's quartic, but here we do not write down the formulas for a projective transformation, projective coincidence of these two quartics with Klein's one was indicated by Wiman [31] , page 536, the equivalence was used by Dolgachev and Kanev [5] Weber, [29] §116), four bitangents of a plane quartic are syzygetic, if eight points of tangency are located on a common conic. A generic quartic has 315 sets of four syzygetic bitangents. We say that syzygetic quadruple of bitangents is equianharmonic, if for every of the bitangents, each of two points of contact together with the three intersection points of the bitangent with three other bitangents constitute an equianharmonic point quadruple (see definition in (8.2)).
The four bitangents 2/0,2/1,2/2,2/0 + 2/1+2/2 from (10.22) are syzygetic and equianharmonic. Fermat's or Klein's quartics have several (at least more than one) syzygetic and equianharmonic bitangent quadruples: it is a consequence of having a rich group of protective automorphisms. A generic curve from Wiman quartic pencil has a unique such a quadruple.
It is a characterization of nonsingular quartic idempotents and quartic idempotent pencils.
Note that Wiman's quartic pencil U^ contains a singular nodal quartic, that is the lemniscate (8.9) . Any rational nodal quartic has four bitangents exactly, and, of course, for the lemniscate these four bitangents are syzygetic and equianharmonic. Edge [6] gave the list and also symmetric determinantal representations of Wiman's curves (Edge's symmetric matrices have zero diagonal). Also, he describes a way of enumeration of syzygetic sets of bitangents of the curve, this combinatorial way is based on Cayley's combinatorial symbolism, this symbolism is described by Weber [29] also.
(10.25) Theorem. Salmon quartic algebra is semisimple. Proof. We will use the coordinate description of Salmon quartic algebra, that is elements of U4 we will present as ao^Q + aixl + 02^2 + 6(boxlxl + hxlxl + 62^o
x i)-Then one can write down six mutually apolar idempotent quartics. Here they are. and get 12 mutually apolar idempotents Qi,...,<2i2j but 12 < 15, therefore it does not prove semisimplicity of the bialgebra of quartics.
Conic constructions of Salmon and Wiman quartic subalgebras.
Our next goal is a description of Salmon quartic subalgebra with the help of a pair of ternary quadratic forms.
(11.1) Notation. Let A,B be two linearly independent nondegenerate ternary quadratic forms. We denote by L{A^B) (resp. M (A,B) ) the vector subspace of the quartic space generated by 
Another notation: S{A,B) = (L(A,B),M(A,B)).
Proof. If we suppose that
Ji. -Xr\ i Xi r Xoj 13 ""■ KXn ~T~ tX-j "T" TTtX'ji then the determinant of the matrix expressing forms (11.2) in terms of monomials
This proves (1) . Proof of (2) is similar.
(11.5) Corollary. If A ± B, then the six quartics (11.2) (as well as six quartics (11.3) ) are linearly independent in the vector space of ternary quartics. Because of the bilinear property of the bimultiplication and of (6.7),
[A, B + k~A] = [A,B + k[A, B] + k 2 A] = [A, B] + k[A, [A, B}) + k 2 A.
Moreover, according to (6.9) , (6.4) , In the conic pencil (A^4 + A*-^), such a pair is unique (up to interchange and proportionality), but in the subalgebra the family of such pairs is a variety of dimension 2 at least.
Proof. It is clear, if we consider a common self-polar triangle for A and B.
(11.9) Notation. Let A,B be two mutually apolar nondegenerate ternary quadratic forms. Let
denote the vector space spanned by AB, [A, B) 2 , Proof. It is enough to use the particular case indicated in (7.8) , but, because of further necessity of some details, we will give a proof without considering the particular case. We will prove that if A _L B, disc(A) • disc(jB) = 5, and
then cr(F) G Mo (A, 5), and we will find an explicit expression for cr (F) . According to (2) (3) (4) (5) (6) ,
Further, according to (9.14) , (9.12) and (6.4),
But because of mutual apolarity of A, B and in virtue of (6.9) , (6, 17) , we have (A, B) ) is Wiman subalgebra of the Salmon subalgebra (L (A, B), M(A, B) ).
(11.13) Remark. Any Wiman quartic subalgebra defines a collection of simple geometric objects:
(i) two mutually apolar conies, (ii) four points of intersection of the conies, (iii) four common tangents of the two mutually apolar conies (union of these four lines is a curve of the corresponding Wiman pencil, (iv) the Bernoulli lemniscate.
For the case of canonical coordinates (7.9) , equations of the conies are given in (7.8) , the equation of the lemniscate is (8.9) , four lines are indicated in (10.22) , [6] , [23] . Here, we would like to show that each of the objects determines Wiman subalgebra.
(i) Two mutually apolar conies determine a Wiman subalgebra according to (11.10).
(ii) Four points define a pencil of conies, the pencil contains exactly two mutually apolar conies, the conies define a Wiman subalgebra.
(iii) Because of the projective duality, it enough to refer on (ii), but we would like to describe shortly Klein's and Brioschi's approach (hidden in [18] and [2] (Brioschi [2] hides A/A under the left square of the curve equation). Let a, 6, c, d be four linear forms, no three of which are linearly dependent. We define a quadratic form M(a, 6, c, d) depending from these ternary linear forms a, 6, c, d:
Note that M is a sum of squares of four linear forms, whose sum is equal to zero (see (5.3) ). The geometric meaning of M is as follows. The conic M = 0 intersects every line a = 0,6 = 0,c = 0,<i = 0 equianharmonically (see definition in (8.2) ) with respect to three points of intersection of the line with three other lines (of course, all the eight equianharmonic points belong to a common conic). Note that this conic is irreducible. The pencil (AM 2 + fiabcd) is a Wiman pencil (containing of course two Klein's quartics, according to Klein and Brioschi) . More precisely, the quartic a(abcd) is decomposable (see Example (8.2) ):
where P (uo,111,112), Q(^0,^1,^2) where p, g, r, s are four bitangents for conies P -0, Q = 0 (more explicit calculations for dual situation are presented in (7.15) and (13.7) in terms of the canonical coordinates (7.9) ).
(iv) Producing a Wiman subalgebra from the Bernoulli lemniscate. Let F = 0 be an equation of the lemniscate L. First of all, any rational quartic with three nodal points has exactly four bitangents. Let P be a quadratic form such that cr(F) = P Proof. The relations of orthogonality are consequences of Theorem (7.13 First of them follows from (9.4) and (7.13) , the second identity is a consequence of (7.13), (9.2), (6.17) , the third one follows from (7.13), (9.1), (6.17) .
(11.16) Theorem. Let A,B,C,D be four distinct conies from Gerbaldi's six,
where c is the constant from the equations of Gerbaldi's conies (7.11) .
(1) For the following two quartics (see (11.11) ). Now, using Theorem (7.14), it is not hard to see that < E , (y),a (E N (y) ) > is proportional to the left hand side of (11.17 is a subalgebra of Salmon's algebra. We will not need this subalgebra.
12. Proofs of theorems (1.9), (1.10), (1.11) . (12.1) Proof of (1) (2) (3) (4) (5) (6) (7) (8) (9) . A preliminary remark. The fifteen idempotent pencils will be WifiJj), i / j, i,j G {1, 2, 3, 4, 5, 6} (see Notation (11.9) , Theorem (11.10), Definition (11.12) ). That is for formation of the cogredient parts Lo(fi,f j ) = (\fif j +n[fi,f j } 2 )
of the pencils, we mix the bases (7.14)(i) and (7.14)(iii). A similar process goes by formation of contragredient parts. Formally, we do not need Theorem (7.14), but it seems that the heart of the matter of the weak idempotency is hidden in the big matrix from the proof of (7.14) , because the minimal polynomial of the matrix is quadratic, that is the matrix is an idempotent of level 1 in some sense (or in the sense of Definition (1.6) applied to the matrix algebra).
Let us fix a root y of equation (11.17) . Then quartics
and their reciprocals a (Eij) constitute two mutually reciprocal bases according to Theorems (11.15) , (11.16) . Quartics
have similar properties.
(12.2) Proof of (1.10) . The fifteen semisimple (according to (10.25) ) subalgebras are S(fufj) (i / j), ij G {1, 2, 3, 4, 5, 6} (see Notation (11.1), Theorem (11.4) ). These Salmon subalgebras contain Wiman subalgebras from (12.1), therefore we may take the bases from (12.1).
(12.3) Proof of (1.11) . It is necessary to prove that if Ai 1 ..., AQ are six mutually apolar conies, then the union of the base loci for Wiman pencils LQ^A^AJ) (see Notation (11.9) ) is the union U of points of intersection of the conies. If A,B are two mutually apolar conies, then the base locus of LQ{A, B) consists of eight points of reciprocal contact of the pencil of quartics ( these eight points are the points of contact of four bitangents for A, B). Indeed, for the case of canonical coordinates, it was indicated by R. Rodriguez and V.Gonzalez-Aguilera in [23] (page 53 and Figure  5 of page 54), see also Remarks (10.22) , (10.23) , (11.13) . Now we may apply Theorem (7.15) . The theorems are proved.
13. The bialgebra of ternary sextics. The bilinearization of these formulas generates formulas for the bimultiplication in the bialgebra of ternary sextics. (13.2) Example. An example of a sextic idempotent (that is from S 6 (W) ). Let us consider the following sextic F = 27x1 -135x2Xo^i -45x1x1x1 + Qx^frl + xl) + lOxlxf.
This (nonsingular and of genus 10) sextic is indicated by A. Wiman [31] ,page 533, see also formula (7) at page 638 of [9] . Wiman wrote that the sextic is invariant with respect to Valentiner's group Gseo of plane collineations (the group is isomorphic to alternating group AQ.) Using formulas (13.1), one can calculate that F is proportional to -ul + 45^2^0^! 4-135*Z2^o -81^2(^0 4-u?) -1215^?, and that F is proportional to F. Thus this sextic is an idempotent.
(13.3) Example of a threedimensional sextic bialgebra. After appearing the sextic in Wiman's paper [31] , some further discussions of the curve were in a series of works, the works (of XlX-th century at least) are mentioned in the book [9] by Fricke -Klein. Different (but projectively equivalent) equations of Wiman's sextic are presented in [31] , formula (8) , page 537, in [9] one can see formulas (15) , (21), (19) & (22), (10) & (11) at pages 625, 628, 633, 639 respectively.
Let us consider the following net of sextics (cf. formula (2),page 621 of [9] , this net was also indicated by Wiman, see [31] formula (1), page 534). (see formula (15) at page 625 of [9] ). Wiman observed that the net (13.4) contains the Hessian curve of some Klein quartic (also, see (13.5) below).
(13.4) Definition. The net (13.4) or its projectively equivalent net is said to be Wiman sextic net. It is evident, if we use canonical coordinates from (7.8-9) . Also, using the coordinates, it is not hard to see that the Hessian forms of quartics from the Wiman pencil Lo(A, B) belong to the net. Note that the image of the pencil defines a rational cubic curve in the projective plane derived by the projectivization of the vector space of the last net. is a subalgebra of (5 6 (W) , [,] ). This subalgebra is semisimple. Indeed, using the canonical coordinates, one can see that this subalgebra is K(xl + xl + xl) + Kxlx\xl C S Q (W) , K(ul + u\+ul) + Kulu\ul C S Q {W*), and that are mutually apolar idempotents (see Definitions (1, 4) , (7.6) ).
(13.7) Example of a four-dimensional semisimple sextic subalgebra. Let F,F f be two nondegenerate ternary quadratic forms, p,q,r,s £ W* be four points of intersections of the conies F -0, F' -0 (more precisely, four elements p, g, r, s define a subset in the plane P(W r *), this subset is the intersection ; also note that we can start with four points no three of which are collinear, these four points define a pencil of conies, the pencil contains a unique pair F, F' of mutually apolar conies). In terms of the bialgebra, the points are four independent solutions of the system Similarly, let linear forms a 7 , b', d, d ' define tangents to F 1 at points p, g, r, s respectively. Further, let k, I, m, n be four bitangents for the pair of conies, u, v, w, z, u f , v ! , w', z' € W* be eight points such that in the projective plane'P(W*), we have (using some inaccurate notations) Proof. Let us use the canonical coordinates (7.9), (7.8) , (also see proof of Theorem (7.15) Fa'b'c'd', F'abcd, [F,^] 3 ,
FF'^T'l J^FMF,^]).
For example, if the quadratic forms are written with the help of the canonical coordinates, as in the proof, then Therefore the space U(F, F') contains the pencil from (13.6), Wiman's net from (13.5) or (13.2) and all the above mentioned sextics. The pencil was studied by W. L. Edge in [7] . The following special base {W, P] of the pencil was also indicated by Edge. If F^F',a,b,c,d,a',b',c',$ 
